We elaborate the quasiclassical approach to obtain the modified chiral magnetic effect in the case when massless charged fermions interact with electromagnetic fields and the background matter by the electroweak forces. The derivation of the anomalous current along the external magnetic field involves the study of the energy density evolution of chiral particles in parallel electric and magnetic fields. We consider both the particle acceleration by the external electric field and the contribution of the Adler anomaly. The condition of the validity of this method for the derivation of the chiral magnetic effect is formulated. We obtain the expression for the electric current along the external magnetic field, which appears to coincide with our previous results based on the purely quantum approach. Our results are compared with findings of other authors.
Introduction
The chiral magnetic effect (CME), which consists in the generation of the anomalous electric current flowing along the external magnetic field, is widely applied in various branches of the modern physics. For example, in accelerator physics this effect is used to account for some peculiarities in heavy ion collisions. The applications of CME in astrophysics for the explanation of strong magnetic fields in compact stars as well as to account for great linear velocities of pulsars are known. CME is also used in cosmology to consider the leptogenesis in strong cosmological (hyper)magnetic fields. This effect is reported to be observed in such relativistic or pseudorelativistic systems as Dirac and Weyl semimetals in condensed matter. The comprehensive references on the theory and applications of CME are given, e.g., in Ref. [1] .
Historically CME was theoretically predicted in Ref. [2] using the relativistic quantum mechanics approach based on the exact solution of the Dirac equation for a charged particle in the external magnetic field. Then, the result of Ref. [2] was reproduced in Ref. [3] basing on the study of the energy evolution of charged chiral particles in parallel electric and magnetic fields.
Recently, in Refs. [4, 5] , we generalized the results of Ref. [2] to account for the electroweak interaction of charged fermions with background matter. We found that the expression for the anomalous current gets the contribution from the parity violating interaction. Although this contribution appears to be smaller than the leading term in the current, it can be crucial on long time intervals. For example, in Refs. [4] [5] [6] , we proposed the application of this effect to explain the generation of strong large scale magnetic fields in magnetars. The idea that the parity violating electroweak interaction between chiral particles can contribute to CME was also discussed in Ref. [7] .
In this work, we present the new quasiclassical derivation of CME when chiral particles electroweakly interact with background matter. We also revisit the method for the description of CME, proposed in Ref. [3] , considering the particular case of the parity violating electroweak interaction. We will focus on establishing the condition of the validity of the method of Ref. [3] , comparing it with the approach in Ref. [2] . We will also consider the findings by other authors on this issue.
This work is organized as follows. In Sec. 2, we remind how to find the energy spectrum of a massless fermion moving in a background electroweak matter under the influence of the external magnetic field. Then, in Sec. 3, we apply the method of Ref. [3] to derive the anomalous current. The evolution of the kinetic energy density is studied in Sec. 3.1. We consider the contribution of the Adler anomaly to the evolution of the total energy density of the system of chiral particles in Sec. 3.2. In Sec. 3.3, we compare different methods for the derivation of CME and find out when the approach of Ref. [3] is valid. The expression for the anomalous current is also obtained in Sec. 3.3. Finally, in Sec. 4 we discuss our results and compare them with the findings of other authors. The qualitative way to obtain CME is described in Appendix A.
Solution of the Dirac equation
Let us consider the system of charged fermions interacting by the electroweak forces in the Standard Model with the background matter under the influence of an external electromagnetic field F µν = (E, B). We shall suppose that electric and magnetic fields are collinear and directed along the z-axis: E = (0, 0, E) and B = (0, 0, B), where E and B are constant values. Moreover, we take that B ≫ E. In this case we can treat the electric field perturbatively. For the definiteness we shall assume that the electric charge of a fermion (particle) is 
and an antifermion (antiparticle) has the electric chargeq = e > 0. Moreover the chiral symmetry is supposed to be unbroken, i.e. particles are effectively massless. If the background matter is supposed to be nonmoving and unpolarized, the Dirac equation for a fermion, described by a bispinor ψ, has the form,
where
is the vector potential of the electromagnetic field, V R = V L are the effective potentials of the interaction of a fermion with background matter. They are proportional to the densities of background fermions. The explicit form of V R,L depends on the types of a fermion and the background matter. For the electron-neutron interaction these potentials are given in Refs. [4, 5] , and for the quark-quark interaction in Refs. [6, 8] . As mentioned above, only the magnetic field will be taken into account exactly in Eq. (1) .
The solution of Eq. (1) was found in Refs. [4, 5] . There are two independent solutions corresponding to different chiral projections ψ R,L (t) = P R,L ψ ∼ exp(−iE R,L t). The energy spectrum E R,L for any of the chiral projection depends on the discrete number n = 0, 1, . . . , which enumerates Landau levels. For n > 0 it has the form,
where −∞ < p z < +∞ is the eigenvalue of the projection of the momentum operator along the z-axisp z = −i∂ z , which commutes with the Hamiltonian of Eq. (1). The upper sign in Eq. (2) corresponds to particles and the lower one to antiparticles. If n = 0, the energy spectra and the allowed ranges of p z are summarized in Table 1 .
Anomalous current along the magnetic field
In this section we shall apply the method for the description of CME proposed in Ref. [3] in the case when, besides the external magnetic field, massless charged particles electroweakly interact with background matter. The derivation of the anomalous electric current of massless fermions in the parallel electric and magnetic fields is based on the evolution equation for the energy-momentum
where J µ = (J 0 , J) is the four vector of the current. Assuming that the fermionic matter is spatially homogeneous and considering the chosen configuration of the electromagnetic field, we get that the evolution of the total energy density of matter ρ = T 0 0 obeys the equation,ρ = EJ z .
Here
where E R,L andĒ R,L are the energies of a right and a left particle and antiparticle given in Eq. (2) and in Table 1 , n R,L andn R,L are the number densities of these fermions and antifermions. Differentiating ρ in Eq. (5) with respect to time and averaging over the statistical ensemble, we get that
where E kR,L =Ē kR,L = 2eBn + p 2 z are the kinetic energies of right and left particles and antiparticles. To derive Eq. (6) we take into account that the kinetic energy of a charged particle changes when it interacts with an external electric field. Indeed, using the appropriate gauge, we can modify the four potential of the considered electromagnetic field to the form, A µ = (−Ez, 0, Bx, 0). Then, basing on Eq. (1), one can see that the operatorp z = −i∂ z is no longer an integral of Eq. (1) since A µ explicitly depends on z.
Evolution of the kinetic energy density
To study the behavior of the kinetic energy, we start with the consideration of only left particles for simplicity. In the quasiclassical approximation, the evolution of the kinetic energy of a particle E k obeys the equation [9, p. 51 ],
where v = p/E k is the particle velocity and p is its momentum. In our case, taking that q = −e and E = Ee z , we get that
The average of the particle velocity in Eq. (8) can be computed using the phase volume in the external magnetic field [10, p. 173],
where f (E) = [exp(βE) + 1] −1 is the Fermi-Dirac distribution function, β = 1/T is the reciprocal temperature, and µ L is the chemical potential of left particles. In Eq. (9), we omit the factor g s = 2 since left particles have only one polarization; cf. Ref. [10, p. 173] . To derive Eq. (9) we imply the normalization of the distribution function,
and analogous expressions for n R andn R,L . Using the fact that
With help of Eq. (2), one gets that, at n > 0, the integrand in Eq. (11) is the odd function of p z , making the whole integral to vanish since the integration is in symmetric limits: −∞ < p z < +∞. For n = 0, taking into account Table 1 , Eq. (11) can be rewritten in the form,
Therefore the contribution of left particles to the evolution of the kinetic energy density of matter is
If we include the contributions of left antifermions as well as of right fermions and antifermions, analogously to the derivation of Eq. (13), we get that the evolution of the total kinetic energy density obeys the equation,
where µ R is the chemical potential of right particles.
A remark on the signs in Eq. (14) should be made. The signs of the antiparticles contributions are opposite to that of particles since the sign of the charge in Eq. (7) is different for antiparticles. The chemical potentials of antiparticles are taken with the opposite sign as usual. The arguments of the distribution functions are based on Table 1 . The sign of the right fermions contribution is opposite to that of left fermions since, in the integrand, one has p z /(E R − V R ) = −1, whereas p z /(E L − V L ) = +1; cf. Table 1 .
The direct computation of integrals in Eq. (14) gives [4, 5] χ=R,L
Note that Eq. (15) is independent of the plasma temperature. The evolution of the kinetic energy density in Eq. (15) is based on the classical electrodynamics expression for the change of the particle kinetic energy in Eq. (7). The quasiclassical approximation is known to be valid at n ≫ 1 [11] . As results from Eq. (14), the lowest Landau level yields the main contribution to the kinetic energy density evolution. The wave function of a particle at n = 0 depends on both z and the transversal coordinates r ⊥ ∈ (x, y). Therefore quantum fluctuations of the particle velocity in the transverse plane are possible: v (quant) ⊥ = 0. However, taking into account that the electric field is along the z-axis, E = Ee z , we get that these quantum fluctuations are irrelevant in our case since (v (quant) ⊥ · E) = 0 in Eq. (7). At n = 0, the particle motion along the z-axis is not affected by the magnetic field, and hence, can be treated as classical. Thus the quasiclassical approximation is valid for the description of the kinetic energy density evolution in Eq. (14) .
We can provide a different derivation of Eq. (15) . Again, let us start with the consideration of only left particles. If a constant electric field is applied along the z-axis, a fermion, having the charge q = −e, acquires the momentum along the z-axis dp z = −eEdt during the time interval dt. The change of the kinetic energy density of left particles, averaged over the statistical ensemble,
where, again, we use the phase space volume in a magnetic field [10, p. 173] . In fact, Eq. (16) is analogous to the application of a classical kinetic equation for the distribution functions of chiral particles to describe the change of the kinetic energy. The action of the magnetic field is taken into account in Eq. (16) by summing over the Landau levels rather than by accounting for the Lorentz force.
As results from Eq. (2), at n > 0, the energy levels are even functions of p z whereas df /dp z is the odd function. Hence the contribution of higher Landau levels to the change of the kinetic energy vanishes since the integration is in symmetric limits: −∞ < p z < +∞. Thus, only the lowest Landau level with n = 0 contributes to Eq. (16) giving one
where we integrate by parts and use the fact that f (+∞) = 0. Note that, to get Eq. (17), it is important that 0 < p z < +∞ for left electrons; cf. Table 1 .
The contribution of left antiparticles to the evolution of the kinetic energy density n LĖkL can be obtained from Eq. (17) by changing the total sign of the expression as well as replacing V L → −V L and µ L → −µ L . Eventually one gets,
Note that Eq. (18) is valid for any temperature of the fermion gas. The contribution of right particles and antiparticles to the kinetic energy density evolution is derived analogously to Eq. (18): one should change the total sign as well as replace V L → V R and µ L → µ R . The final result, including all the cotributions, reads
which completely coincides with Eq. (15).
Contribution of the Adler anomaly
Besides the terms describing the acceleration of chiral particles in parallel electric and magnetic fields, which were studied in Sec. 3.1, in Eq. (6), there are contributions proportional to the change of the particle and antiparticle densities in this electromagnetic field. These terms are related to the Adler anomaly for massless charged particles. The Adler anomaly reads [12] 
are the four currents of chiral particles. Integrating Eq. (20) over the whole space and assuming that the three currents are vanishing at the infinity, we get that
To derive Eq. (21) we take that j 0 R,L = n R,L −n R,L . Comparing Eqs. (15) and (21), we can see that the contribution of the Adler anomaly to ρ can be comparable with that in Eq. (15) . Therefore one should carefully estimate the magnitude of the last two terms in Eq. (6).
Again we shall start with the studies of only left particles for simplicity. Supposing
where n L is defined in Eq. (10). In the general situation, the integrals in Eq. (22) depend on µ L , T , and B. We will be mainly interested in the analysis of a strongly degenerate matter, for which (µ L − V L ) ≫ T . In this situation, we can disregard the contribution of antiparticles.
For the illustration, let us discuss two opposite cases of (i) an extremely strong and (ii) a weak magnetic fields. First, let us study the case
2 /2e. In this situation, all particles were found in Ref. [13] to occupy only the lowest energy level with n = 0. Computing the integrals over p z using the results of Ref. [10, pp. 169 -170], we get that Eq. (22) takes the form,
Taking into account for the contribution of right particles, which is analogous to Eq. (23), we can obtain that
To derive Eq. (24) we use Eq. (21) and suppose that the total number of particles is constant:ṅ R +ṅ L = 0. In the opposite case (ii), when B ≪ (µ L − V L ) 2 /2e, multiple Landau levels contribute to the integrals in Eq. (22). The analogue of Eq. (24) in the situation of a rather weak magnetic field reads
where we neglect terms ∼ T 4 . In the general situation of the arbitrary temperature and chemical potentials, the terms in ρ in Eq. (6) 
Comparison of different approaches for the derivation of CME
The first derivation of anomalous current of massless particles along the external magnetic field was performed in Ref. [2] . This derivation is based on the direct calculation of the current using the exact solution of the Dirac equation for a charged particle in an external magnetic field. The result of Ref. [2] reads
Recently, in Refs. [4, 5] , we generalized this finding of Ref. [2] to include the electroweak interaction of charged particles with background matter. It leads to the replacement
Then, the alternative derivation of CME, based on the energy density evolution of massless charged particles in parallel electric and magnetic fields, was proposed in Ref. [3] . Formally, the expression for the current, obtained in Ref. [3] , coincides with that in Eq. (26). However, the fact that the number densities of massless particles can be not constant gives an additional contribution to the total energy density evolution, as seen in Eq. (6). The non-conservation of the number densities of massless charged particles in parallel electric and magnetic fields is driven by the Adler anomaly in Eq. (20). We have shown in Sec. 3.2 that this additional contribution to the energy density evolution strongly depends on the chemical potentials, the temperature, and the magnetic field strength; cf. Eqs. (24) and (25).
Therefore, to reach the agreement between the two methods for the derivation of CME in Refs. [2] and [3] , even at the absence of the electroweak background matter, i.e. when V R = V L = 0, we should neglect the contribution of the Adler anomaly in the method in Ref. [3] . It means that the number densities of right and left particles and antiparticles should be considered constant. The action of the external electric field consists just in the acceleration of these charged particles within each particle species. Thus we should seṫ n R,L =ṅ R,L = 0 in Eq. (6) . It means that massless charged particles should be considered as classical, with other quantum effects, like the Adler anomaly, being disregarded. Only in this case the methods in Refs. [2] and [3] give the coinciding expressions for the anomalous current in Eq. (26). Now, let us consider the interaction of massless charged particles with an electroweak background matter and apply the analogue of the method in Ref. [3] for the derivation of the anomalous current. Combining Eq. (6), whereṅ R,L =ṅ R,L = 0, with Eqs. (4) and (15) we get that the current along the magnetic field becomes,
where we restore the vector notations. Note that the expression for J in Eq. (27) completely coincides with that obtained in Refs. [4, 5] .
Discussion
In the present work, the quasiclassical derivation of CME in the presence of the electroweak interaction of charged fermions with background matter was carried out. In our analysis we followed the general idea of Ref. [3] , which involves the study of the evolution of the energy density of charged particles in parallel electric and magnetic fields. We examined this energy density behavior using two approaches. First, we have relied on the well-known classical electrodynamics expression for the energy change of a charged particle in an external electromagnetic field in Eq. (7). Then, using the quantum energy spectrum of massless fermions in Eq. (2) and in Table 1 , we have derived the expression for the evolution of the kinetic energy density in Eq. (15) . Then, the same result was reproduced in Eq. (19) using the analogue of the classical kinetic equation.
We have mentioned in Sec. 3.2 that, besides the particles acceleration by the external electric field, the change of the number densities of massless right and left particles and antiparticles in parallel electric and magnetic fields can contribute to the evolution of the total energy density. This contribution, driven by the Adler anomaly, is comparable with that found in Sec. 3.1. Thus, to reach the agreement between the two approaches for the derivation of CME, proposed in Refs. [2] and [3] , even at the absence of the electroweak background matter, in Sec. 3.3 we have suggested that one has to omit the contribution of the Adler anomaly to the evolution of the total energy density while using the method developed in Ref. [3] .
The Adler anomaly is known to be an essentially quantum phenomenon which can be obtained, e.g., by the calculation of the Feynman loop diagrams [12] . Hence it is inexpedient to take it into account in the derivation of CME which turns out to be a quasiclassical effect.
While applying the method in Ref. [3] for the description of CME in the presence on the electroweak background method, as well as disregarding the Adler anomaly, as suggested in Sec. 3.3, we have got the expression for the anomalous current along the magnetic field in Eq. (27). This expression exactly coincides with that previously obtained in Refs. [4, 5] . Now, it is necessary to analyze the recent derivation of CME in the presence of the electroweak matter made in Ref. [14] . It was claimed in Ref. [14] that the analogue of the current in Eq. (27) has the form, J = e 2 µ 5 B/2π 2 , i.e. the electroweak interaction would not contribute to J. The method analogous to that in Eqs. (16)-(19) was used in Ref. [14] to obtain this result. Nevertheless, some conceptual errors were made in Ref. [14] .
Firstly, assuming that only p z changes when a particle is accelerated in an external electric field E = Ee z , i.e. only its kinetic energy changes, the authors of Ref. [14] studied the change of the total energy in the analogue of Eq. (16) . It is clear that the potential energy of right and left particles and antiparticles, which are equal to ±V R,L , cannot change in an external electric field since the number density of background matter is constant by definition.
Secondly, the authors of Ref. [14] have overlooked that CME is the polarization phenomenon for massless particles at the zero Landau level. As demonstrated in Appendix A, CME should disappear if the lowest energy level is equally populated by right and left particles, i.e. when n
, cf. Eq. (28). In the case when, besides the external magnetic field, massless particles can interact electroweakly with the background matter, this condition is equivalent to
However, the anomalous current derived in Ref. [14] does not vanish when µ 5 = −V 5 .
Finally we mention that the presence of the constant term like V 5 in the anomalous electric current in Eq. (27) is known not only in the elementary particle physics. Analogous phenomenon also exists in the solid state physics when CME is implemented in Weyl semimetals [15] . Thus we can conclude that the derivation of CME in the presence of the electroweak background matter made in Ref. [14] cannot be considered as correct.
Summarizing, we have analyzed the scope of the method for the description of CME proposed in Ref. [3] . Neglecting the Adler anomaly, this method gives the results identical to those in Ref. [2] . Applying the method in Ref. [3] to describe CME in the presence of the electroweak background matter, we get the expression for the anomalous current coinciding with that in Refs. [4, 5] . We have also compared our results with the findings of other authors.
Let us assume, just for simplicity, that no antiparticles are present in the system. Taking into account that right and left fermions move in opposite directions with respect to the magnetic field, one gets that a nonzero current along B, i.e. J z , can exist only if the zero Landau level is differently populated by left and right particles, i.e.
where we take into account that massless particles have the velocity v ∼ 1 and their electric charge is negative: q = −e. Using Eq. (10), we obtain that the number densities of particles at the zero Landau level n (n=0) R,L have that form,
For the definiteness, we shall suppose that the electron gas is strongly degenerate, i.e., for example,
In this situation, basing on Eq. (29), we obtain that n
Using Eq. (30), we can transform Eq. (28) to the form,
which exactly coincides with the current in Eq. (27). Unfortunately, this qualitative derivation does not allow one to obtain the current at the arbitrary temperature T of the fermion gas. Nevertheless, the feature that J z in Eq. (31) should contain V R,L remains valid at any T since n , as it should be. Indeed, in this case, right and left particles form equal electric currents: |J zR | = |J zL |. However, these currents flow in opposite directions, giving one the vanishing total current: J z = J zR + J zL = 0.
Finally we mention that, as seen in the above derivation, the asymmetric motion of massless charged particles at the lowest Landau level with respect to the external magnetic field is the key condition for the existence of CME. This feature remains valid if the electroweak background matter is present in the system. If charged particles have any small but nonzero masses, CME does not exist any longer [16] .
